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Abstract 

We apply the string-inspired worldUne formaUsm to the calculation of the higher 
derivative expansion of one-loop effective actions in non-Abelian gauge theory. For 
this purpose, we have completely computerized the method, using the symbolic 
manipulation programs FORM, PERL and M. Explicit results are given to sixth 
order in the inverse mass expansion, reduced to a minimal basis of invariants 
specihcally adapted to the method. Detailed comparisons are made with other 
gauge-invariant algorithms for calculating the same expansion. This includes an 
explicit check of all coefhcients up to fifth order. 
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1. Introduction 



It is a well-known fact that one-loop amplitudes in quantum field theory can often be repre- 
sented by worldline path integrals over the space of closed loops. For instance, the one-loop 
effective action induced by a spinor loop in an Abelian or non-Abelian background gauge field 
may be written in the following way [1-7]: 



Here the x^^{t) arc the periodic functions from the circle with fixed circumference T (known 
as the Schwinger proper-time) into d-dimensional Euclidean spacetime, and the iP^^{t) their 
antiperiodic Grassmann valued (supersymmetric) partners. V denotes path ordering in the 
non-Abelian case. 

This type of path integral representation has already proven useful for various types of cal- 
culations in quantum field theory [8,9]. In particular, for the calculation of anomalies and 
index densities [10-14] superparticle path integrals have shown to be a remarkably powerful 

alternative to heat kernel methods [15]. 

Recently, renewed interest in these integral representations has been triggered by the work 
of Bern and Kosower. In 1992 these authors established a new set of rules for one-loop 
calculations by representing amplitudes in ordinary quantum field theory as the infinite string 
tension limits of certain (super) string amplitudes [16]. Those rules are equivalent to standard 
Feynman rules [17], but lead to a significant reduction in the number of terms to be computed 
both in one-loop gauge theory [18] and quantum gravity [19] calculations. 
Strassler later showed [20] that, for many cases of interest, the same integral representations 
can be obtained by evaluating worldline path integrals of the type eq. (1) in analogy to the 
Polyakov path integral, i.e. using one-dimensional perturbation theory. 
This reformulation turned out to be well-suited to the calculation of one-loop effective actions 
in general ( [21-26]; see also [27]), and highly efficient for the calculation of their inverse mass 
expansions [28 32]. 

The inverse mass expansion (or, more generally, the higher derivative expansion) is a standard 
tool for the approximative calculation of one-loop effective actions, and considerable work 
has gone into the determination of its coefficients. It is applied in fields as different as chiral 

perturbation theory [33], high temperature physics and the theory of phase transitions. In 
the latter context, it has been applied both to bubble nuclcation during the electroweak phase 
transition [34] and to baryon number violation by sphaleron processes [35]. 
Little seems to be known, however, about the high order behaviour of this expansion [36,37], 
and the question of its convergence. A recent all-order calculation of the higher derivative 
expansion for a specific example in three-dimensional quantum electrodynamics indicates 
that, at least in the case considered, this expansion is an asymptotic rather than a convergent 
series [38]. 

Due to the rapidly growing capacity of computers to handle large numbers of terms in symbolic 
calculations, in recent times there has been growing interest in the explicit form of higher order 
coefficients of the inverse mass expansion [39-45] . 

In the first paper of this series [28], we used the 'string-inspired method' to calculate this 
expansion to order 0{T^) in the proper-time parameter for the simplest case of an external 
scalar potential. 
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In the present paper, we consider the more general problem of constructing the inverse mass 
expansion for the case of both a background gauge field and a scalar potential. Moreover, 
we have completed the computerization of the method, using the algebraic manipulation 
programs FORM [46], PERL [47] and M [48]. This allows us to push the calculation to 
0{T^^) in the pure scalar case, and to 0{T^) in the general case (the result for the scalar case 
has been presented to order 0{T^) in [29]). With conventional methods, the inverse mass 
expansion has been obtained to order 0{T^) in the general case [40], and only recently to 
order 0{T'^) in the scalar case [49]. 

At those high orders it is, of course, essential to represent the result in the most compact 
form possible. In the scalar potential case, our method turns out to have the very useful 
property of leading to minimal bases of operators automatically, once cyclically equivalent 
terms have been identified. In the general case the result for the effective Lagrangian has to 
be further reduced using Bianchi identities and (possibly) transposition symmetry. Usually 
those operations would have to be combined with partial integrations in spacetime, however 
this turns out not to be necessary in the present scheme. 

In Chapter 2, we will explain our method of calculating the inverse mass expansion [22], which 
is a pure x-space version of the one proposed by Strassler [20,21], made manifestly gauge 

invariant by using Fock-Schwinger gauge. 

The results of this calculation will be presented in Chapter 3, reduced to a minimal basis of 
invariants specifically adapted to the algorithm. We explicitly present the effective Lagrangian 
for the pure gauge theory case, calculated to order 0{T^) in the inverse mass expansion. 
Chapter 4 contains a technical comparison with previous calculations of higher derivative 
expansions. A considerable number of different algorithms for this type of calculation can 
already be found in the literature [42,50-60], and we cannot possibly discuss all of them. We 
will therefore pay attention mainly to those methods which have already proven suitable for 
higher order calculations in gauge theory. Those are: 

• The method developed by Onofri [54], Fujiwara et al. [55] and Zuk [56,57] (Section 4.1). 

This approach is also the one most closely related to our work, a fact which becomes 
particularly conspicuous in the path integral formulation of [55] . We will therefore spend 
some effort on a detailed comparison with that method. 

• A modified version of the method proposed by Nepomechie [58] (Section 4.2). 

This technique is not manifestly gauge invariant as it stands and thus less convenient 
for the present purpose. Still we will present a modified version of it, which turns out 
sufficiently efficient for a explicit check of our results to 0{T^) completely and of 0{T^) 
partially. 

• The method invented by 't Hooft [53] and elaborated by van de Ven [40] (Section 4.3). 

Our conclusions will be offered in Chapter 5, where we will also discuss further possible 

generalizations. 

Appendix A deals with the rather technical problem of constructing minimal bases of in- 
variants for a background consisting of a scalar field and/or a non-Abelian gauge field. In 
Appendix B we discuss the impact of different choices for the Green function used in the 
evaluation of the path integral. 
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2. The inverse mass expansion from the worldline path integral 



First let us set up some terminology. We refer by the 'higher derivative expansion' of an effec- 
tive action to an expansion both in the number of external fields and the number of derivatives 
acting on the fields. This expansion exists in several versions, which differ by the grouping 
of terms. The one we will consider here is the 'inverse mass expansion', which is usually 
obtained by writing the one-loop determinant in the Schwinger proper time representation 

r[A, V] = -log(det M) = -Tr(log M) = / — Tr e"™ (2) 

Jo T 

and expanding in powers of the proper-time parameter T. This groups together terms of equal 
mass dimension. Up to partial integrations in space-time, it coincides with the (diagonal part 
of the) 'heat-kernel expansion' for the second order differential operator in question. In 
particular, every coefficient in this expansion is separately gauge invariant. 
Alternatively, one may calculate the same series up to a fixed number of derivatives, but 
with an arbitrary number of fields or potentials [44,56,59]. Yet another option is to keep the 
number of external fields fixed, and sum up the derivatives to all orders. This leads to the 
notion of Barvinsky-Vilkovisky form factors [22,61]. 

Note that in general the proper-time integral eq. (2) need not be convergent. It has to be 
regularized in some way, e.g. using a simple cut-off, ^-function or dimensional regularization. 
We will therefore work in d dimensions from the beginning. Throughout this paper we will 
not perform the final T-intcgration, because we are interested in the explicit form of the 
coefficients of the inverse mass expansion only. 

In the present paper we consider the case of massive scalars in the loop and a background con- 
sisting of both a gauge field and a (possibly matrix valued) scalar potential. This corresponds 
to the following choice of the fluctuation operator M: 

M = -D^ + 771^ + V{x), (3) 

with Dn = dn + igAj^. 

The case of a matrix valued scalar potential is by far more general than the pure scalar case. 
In particular it allows to treat particles with spin in the loop and can therefore be used to 
calculate fluctuation determinants, e.g. around the electroweak sphaleron [35,62]. 
In the case of a fluctuation operator (3) the one-loop effective action can be expressed in 
terms of the worldline path integral (see e.g. [7]) 

r[A,V] = J —e-'^^tijVxVex^y-j drl^-x^ + igA^x^' + V{x))\. (4) 

The path integral will be path-ordered, except if both A and V are Abelian. The method 
applied generalizes to the spinor loop case without difficulty [22,24]. 

To obtain an effective Lagrangian from this path integral we split it into an ordinary integral 
over the center of mass, and a path integral over the relative coordinate: 

= Jd'^xojvy (5) 

x^(r) = 4 + y''(r) (6) 

^dryf^ir) = 0. (7) 
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This leads to an expression for the effective action in terms of an effective Lagrangian £, 

r[A,V] = j d'^xoCixo) , (8) 

where C{xo) is represented as an integral over the space of all loops with a fixed common 

center of mass xq. 

To obtain the higher derivative expansion, we Taylor-expand both A and V around xq, and 
use x^^ = y'^ to rewrite 



(9) 



V{x) = ey^V{xo) 
xf'A^ix) = re^^A^ixo) . 

The path-ordered interaction exponential is then expanded with the result 

n^V] = r^e-^nr/d<^xof:^r/pyexp[- /Vf 
Jo -I- J n J L 4 

/ dT2... dTnll [e^(^^)%)F(^)(xo)+i52/'^^(Tj)eS'(^^)^0)A(^)(xo) 

JO JO j=l 

Here we have labeled the background fields, and the first r-integration has been eliminated 
by using the freedom of choosing the somewhere on the loop. This is also the origin of the 
factor of ^. Our normalization is such that for the free path integral 



(10) 
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(11) 



Individual terms in this expansion arc now generated by Wick contractions in the one- 
dimensional worldline theory at fixed T, using the Green function for the second derivative 
on the circle. 



G{ti,T2) =\ Ti-T2\ . 

Elementary fields are thus contracted by 

{y''in)y''iT2)) = -g''''G{n,T2), 
and exponentials of fields using formulas familiar from string theory, 



(12) 



(13) 



(14) 

etc. (a dot always denotes a derivative with respect to the first variable). We will often 
abbreviate Gij := G{Ti,Tj) etc. 

To make this procedure manifestly gauge-invariant, we now take the background gauge field 
to be in Fock-Schwinger gauge with respect to xq, imposing the gauge condition 
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y''A^{xo + y{T)) = 0. (15) 

In this gauge, 

A^{xo + y) = y^[ dr]r]Fpf,{xo + riy) , (16) 
Jo 

and and V can be covariantly Taylor-expanded as (see e.g. [63] ) 

Fp^{xo + vy) = e'y^'Fp^ixo) 

V{xo + y) = ey^V{xo). (17) 

This leads also to a covariant Taylor expansion for A: 

Apixo + y)= C dr^vyf^e^'y^Fppixo) = ^y'^Fpp + \y''y'^D,Fp^ + ... (18) 
JO 2 6 

Using these formulas, we obtain the following manifestly covariant version of eq. (11): 



PC 
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From this master formula, the inverse mass expansion of the one-loop effective action to some 
fixed order N, 



, n! 

n=l 



is obtained in three steps: 



1. Wick contractions: Truncate the master formula to n = A^, and the covariant Taylor 
expansion eq. (18) accordingly. Wick contract the integrand, which is now a polynomial. 

2. Integrations: Perform the r-intcgrations. The integrand is a polynomial in the worldline 
Green function G and its first two derivatives, 

G{ri,T2) = sign(ri - T2) - 2^^^—^ 



G{n,T2) = 26{n-T2)-^. (21) 

It is useful to first rescale all r-integrals to the unit circle, Tj = Tui, using the scal- 
ing properties G{Tu) = TG{u),G{Tu) = G{u),G{Tu) = 7^G(u). The (5-function in 
G{ui,Uj) only contributes if Ui and uj are neighbouring points on the loop, which also 
includes the case G{l,Un)- In the non-Abelian case the coefficient 2 in front of the S- 
function has to be omitted, since only half of the (5-function contributes to the ordered 
sector under consideration. 
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3. Reduction to a minimal basis: The result of this procedure is the effective Lagrangian 
at the required order, albeit in redundant form. To be maximally useful for numerical 
applications, it still needs to be reduced to a minimal set of invariants, using all available 
symmetries. Those are 

• Cyclic invariance under the trace. 

• Bianchi identities. 

• Antisymmetry of the field strength tensor. 

Usually those symmetry operations would have to be preceded by judiciously chosen partial 
integrations performed on the effective action. It is a remarkable property of the present 
calculational scheme that the reduction of our result for the effective action to a minimal 
basis of invariants can be achieved without any partial integrations. In particular, for the 
pure scalar case the reduction process amounts to nothing more than the identification of 
cyclically equivalent terms. We will come back to this point in Chapter 4.1. In the general 
case, the reduction to a minimal basis of invariants is much more involved. The method 
adopted here follows a proposal by Miiller [64] and is explained in Appendix A. 

3. Computerization and explicit results 

For a computation of higher coefficients in the inverse mass expansion starting from the master 
formula (19) one clearly has to computerize the three steps described in the Chapter 2. 
The first step (expanding the interaction exponentials, truncating them to a given order and 
performing all possible Wick contractions) can be done very conveniently with FORM [46] 
for both the pure scalar and the general case. In the pure scalar case the contraction of 
exponentials eq. (14) is used, for it yields the more compact intermediate expressions. 
The second step (integrations) is also done with FORM in the pure scalar case, where the 
integrations are purely polynomial. The general (gauged) case involves (5-functions stem- 
ming from the contractions yielding a second derivative of the Green function. Once the 
corresponding integrations are done, the remaining integrand is again purely polynomial. 
In the pure scalar case the second step almost completes the computation. The remaining 
cyclic redundancy is fixed using a PERL [47] program. In the general case the reduction 
algorithm described in Appendix A is used. It consists of a set of nontrivial substitution 
rules and therefore requires a symbolic manipulation program, which contains rule based 
programming and flexible pattern matching. For this purpose we chose a new system for 
symbolic manipulation called M [48], which turned out to be much faster than comparably 
flexible systems. We also used M in performing the integrations in the general case. 
The coefficients were calculated to order 0{T^'^) in the pure scalar case (they can be found 
at [32]) and to order 0{T^) in the general case. After the reduction into the minimal basis 
the results to order 0{T^) read (absorbing the coupling constant g into the fields, -F^A/ii^ = 
D^DxF^^ etc.): 

Oi = V 

O2 = V^+l F^xFxn 
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1 



O4 = + 2 VV^V^ + ^ V^xVx^ + \ VF^xVFx^ + \ V^F^xFxk 

2 8 1 

FKxFxfiVnK ~ ^ y Fi^xFxfxF^^ — — Fi^xFxixF^i,Fi,i^ 



"I" yQ F^XixvFxkvh + 3^ F^xFxkFixi/Fjjix + 2g Fi^xFxixFki/Fi/ix 

~ i FnxFuXvFfxiiK ~ 7777 i Fi^xFxixi/Fki/h + Ff^xFuiiFx^Fiifx 



2 i FF^FaFa^ + ^ KamV;.a« + ^ ^F„aFa^ V 



12 2 

+ — FF«aV3,^F^« + ^ ^^F^a^FkM + ^ F«aFa/.14V^ 

+ ^ F„aFa«V^V^ + ^ VF^xF^^xkV^, + ^ T/14F«A^F^A 

3 3 3 

— i F^^A/iV^KVx — - i FkXhV^Vxk — -j i V F^xV Fx^F^ik. 

3 5 5 

+ YY yF^xnyFKfj,x — — F«;AV\FK,iV^ - — F«;aV'^-F)/aK; 

13 13 13 

+ ^-F^A/iF^A^K + yF^xijYKFptx + 

13 16 17 

+ 21 ^^kFa^F^mA - ^ V^KaFa^F^k - ^ F^xFx^y^y^ 

17 17 19 2 

— ^ i FKAVAynV^/t + — -F^a^m-^Ak^m ~ 21 ^ ^ F^xFxixFixK 

"I" 2 y Ff^xFxfiFuj^Fy^ ~ 3 ^ Fi^xFfiXKy^vFy^ + — Ff^x^iFnu^x^v 

1 1 1 

+ g FKXixyi/Fi/i^nX + g Fi^xFfxvXKyvix + g Fi^xVixvFii^Xk 

g i Fi^xFixi/Vi/F^xk g i y Fi^xuFuvFyfix + Y2 ^ FkxFxkFuvFi/ix 

"I" y Fi^x^ivFxKVjx YY i F^xFxixuVnFufx "I" ^2 ^ ^ FkxFxhi/Fi^i/h 

2 2 2 

"I" y i F)^xFxtJ,Ffj,vVvK -^KA/i-F^^^V^A FKxFuXvVh/nK 
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4.„„ 4.„„„„ 5 



J i FK\F\fxiiFyi^Vix <2\ '^ -^KxFxijVi/F^iyfj^ V Fi^^Fx^Fi^iyFi, 



5 5 5 

2^ ^ Fi^\Fij_i,Fi,\F^i^ — i Fi^\Fxi^Vi,Fi^ni^ — 

5 5 5 

^ ^ -^KXjxFl^lxyFyX i ^ Fi^Xi^Fy^xFyi^ 

10 . „ „ „ „ 11 



^ ^-^KXixFfxiiFi^i/x ^ Fk.xFjxXi' Ffj^i^Vi, Y^ i Fi^xFxjxvFv^Vi^ 

^ i FkxFuXkFuv^v + ^ V Fi^xF^i/FxuFi/n + — Fi^xuFi/^x^vn 
"I" ^Y V Fi^xFui/Fi/fj^FxK g F^xFxiiFni^pFnp^ i Fi^xFxuvpFfxnpv 



-j^gg Ff^xFxfiFf^ypFupiy + Fi^xpLvpFpXnpv ~\~ ^73 



2-|^ ^ ^KXp,FKv^ipFi,px + g2 -^KxFfxvpFxKF^ipv + i F^xFxixFfxvFupFpi^ 

4 5 5 

^ i Fi^xFjxvXpFvupK ~ ^ Fi^xFxjxFvupFiipi^ + — F^xF^xi^Fi^pF^pi, 

5 5 5 

"I" Fi^xFjxvpFpxFp^i/i^ Y26 ^ ^I'^^iJ-^iJ'i^^p'^^p^ 126 ^ ^'^^ij^'^i^^P'^^i^p^ 



u 8 10 

"I" ^ i FnxFxixFKvFp^pFpi, Ygg '^'^^^^p-^^^'^p^pp- ~ Y89 ^'^^^^i^'^^^p^p^'''^ 

-j^gg F^xFixXuFfxpF^pi, + ^gg Fi^xFuXnFvpFppy + jgg Ff^xFpi/pFpi/FpXK 

1^ p p p F -I- F \F\ F F — — F \ F\ F F 

kA-' A//-' p.Kup-'- pv ~ /"'^P /"/"'^ g2 A/ii/-' i/p-' Kp/i 

16 16 19 

-j^gg Ff^xFxpF^pFpi^piy ^ ^nxFpvFxpFy^Fpp 75g -^K^xFxpuFnpFpyp 

19 22 25 

y5g ^KxFixvpFixxFnpv 189 ^ ^i^^^^p^^^^^^p^pp- -j^gg ^KxFp,xvFp,KpFpi, 

-j^gg F^xF pXijF ppnF pp ^ ■^KxFxp.FvpFpi^Fpp "igg '^'^^^^p'^^p'^'^^pp 

41 53 . 61 

378 '^'^^^^^''^P'^P'^'^P^ 378 ^ ^'^^'^^i^'^P^'^^p'^pp 756 ^'^^'^p^'^'^p^p^p^ 

+ y5g ^KxFpvFpXKFpvp, 

The coefficient Oe is quite lengtiiy and can be found in Appendix C. Even for the general case 
it is in principle possible to compute still higher coefficients of the inverse mass expansion. 
However, the calculation is praetieally limited by the basis reduction, since the implementation 
of the general rules given in Appendix A has to be extended for every new order under 
consideration. 



4. Comparison with other methods 

Finally, let us compare with other algorithms which are available for the computation of the 
same expansion. 



Generally, methods of calculating the higher derivative expansion are either based on heat 

kernel [39,41,43,54,56,57,62] or Fcynman diagram techniques [40,50-52]. 

In the heat kernel approach, one evaluates the operator trace eq. (2) in x-space: 



r[^, V] = / — tr / d'^x {x I exp -T{-D^ + + V{x)) \ x) . 
Jo T J L J 

From the interacting heat kernel 

{x I K{T) \y) = {x\ exp[-r(-£)2 + ^2 ^ -^^^^^1 I 



one separates off the known free one, 



{x I Ko{T) \y) = {x\ exp -T{-d'^ + m^) | y) = (47rr)-'^/^ exp( 



{x - yf 



AT 



writing 



{x I K{T) I y) = {47rT)-^/^eM-^^-J^)H{x,y;T). 



AT 



H is then expanded in powers of T, 



(22) 



(23) 



(24) 



(25) 



H{x,y;T) = Y,ak{x,y)T'' 

k=0 



(26) 



and the heat kernel coefficients (which are functional of the background fields) are calcu- 
lated on the diagonal x = y. 

For the calculation of those coefficients, a large variety of algorithms have been invented. 
Roughly, they fall into three categories: 

1. Recursive x-space algorithms [41,43,49]. In our view these are too cumbersome for 
doing higher order calculations in gauge theory and will not be discussed here. 

2. The method of Zuk [56,57], based on Onofri's graphical representation of the heat kernel 
coefficients [54]. 

3. Nonrecursive algorithms based on the insertion of a momentum basis [58,59]. 

Let us first consider Zuk's method, which is manifestly gauge invariant, and also the one most 
closely related to our work. 



4.1 Zuk's Method 

In Onofri's work [54], the Baker-Campbell-Hausdorff formula was employed to represent the 
coefficients for the pure scalar case by Feynman diagrams in a one-dimensional auxiliary field 
theory. Those Feynman diagrams are calculated using the Green function 

G(0) ^ri,T2) = \Tl-T2\-iTl+T2) + ^TlT2 . (27) 

This Green function was also used by Zuk to calculate the effective Lagrangian for the pure 
scalar case up to terms with four derivatives [56] . He then generalized the method to the gauge 
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field case, and also used Fock-Schwinger gauge to enforce manifest gauge invariance [57]. The 
'Quantum Mechanical Path Integral Method' [27], which may be considered as an extension 
of the Onofri-Zuk formalism, also uses the Green function given above. 

As explained in detail in Appendix B, the split in the path integral eq. (5), which is necessary 
to extract the zero modes, is not unique. One still has the freedom of choosing a background 
charge p(r) on the worldline, which parametrizes the boundary conditions on the functions 
y^ij). This gives us some insight into the connection of the worldline path integral approach 
with the Onofri-Zuk formalism: If one uses a constant background charge, 

P{r) = ^ , (28) 

one obtains the Green function 

G^^\n,r,) = \n-r,\- (29) 

which agrees — up to an (irrelevant) constant - with the one used in our approach, cq. (12). 
The effective Lagrangian C{xq) is obtained as a path integral over the space of all loops having 
Xq as their common center of mass (Fig. 1). 




Figure 1: The path integration for a uniformly distributed background charge p{t) = 1/T. 



If one uses the background charge 

p{r) = S{t) (30) 

instead, the resulting Green function turns out to be exactly the one used by Onofri, eq. (27). 
In this case, the boundary condition reads 

y(0) = yiT) = , (31) 

and the effective Lagrangian £.{xo) is given as path integral over the space of all loops inter- 
secting in xq (Fig. 2). 
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Figure 2: The path integration for a background charge p(r) = 5{t). 



The constant background charge has the special property that it is the only translationally 
invariant choice and therefore G^"^) (and equivalently G) depend only on ti — T2. As a con- 
sequence, cyclically equivalent terms always come with the same numerical coefficient, a fact 
which facilitates the cyclic identification process considerably. This does not hold true if one 
uses the Green function eq. (27); for example, of the three cyclically equivalent terms V^V^V , 
VV^V^ and V^VV^ appearing in the scalar effective action at O(r^) the first two get assigned 
the same coefficient, while the coefficient of the third one is different. 

Of all translationally invariant Green functions (which differ only by constants), G has the 
further advantage that it has vanishing diagonal terms, i.e. G(r, r) = 0. This together with 
the symmetry of G can be used to perform in the exponent the replacement 

1 " 

?j=l i<j 

For the pure scalar case the resulting effective Lagrangian is automatically in the minimal 
basis, i.e. it consists only of terms without box operators. In general, in the process of 
identifying equivalent terms one never has to integrate by parts. On the other hand one has 
to be cautious in comparing our results with the results of standard local heat kernel methods, 
for the usage of the Green function eq. (12) amounts to implicit partial integrations. 
The considerations above show that the redundancies arising in Zuk's formalism can be 
avoided by using the translationally invariant background charge and the corresponding Green 
function eq. (12). 

4.2 A Modified Nonrecursive Heat Kernel Method 

We have also explicitly tested our results using a modification of the nonrecursive heat kernel 
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method mentioned above. Here one evaluates the functional trace in a plane wave basis, 



Tr e-™ = tr Jd'^x J ^ e-^*^-e-™e^*^- . (33) 

The net effect of commuting e*'^^ to the left is the substitution —>■ D^^ + ik^ in M. After 
rescaling the momenta = \fT'k^ one finds 

—rn'^T p p id 

^ = r^'lJ-^ ^ - ^^-""^ + + 2zVT,,i^,) . (34) 

The last exponential is to be expanded in powers of T (note that only even numbers of mo- 
menta Qfj, contribute) . The g-integration produces totally symmetric combinations of products 
of the metric tensor. The intermediate result is a series in T, where every coefficient consists 
of a string of Vs and -D^u's and the latter are pairwise contracted. The covariant derivatives 
act to the right, thus a at the right end (acting on 1) can be replaced with iA^. This 
would however break covariance, which we want to avoid. 

The first of our modifications incorporates the 'no double derivative' prescription discussed 
in Appendix A. Of each contracted pair of derivatives one moves the first one to the left and 
the second one to the right, 

. . . 5;, . . . 5^ . . . , (35) 

using the Leibniz rules 

D^y = D^Y + YD^,, (36) 
YD;, = -D^Y+D;,Y, (37) 

where Y stands for any covariant structure. In this way one obtains terms of the generic form 

D D^^^XDu,... Du„ , (38) 

where X represents a string of covariant objects V, DV, F, DF, ...without active 
derivatives. Clearly the prescription (35) avoids any self-contractions. 

The aim is now to reduce the number of active derivatives. As an example consider terms 
where X is antis3niimetric in two of the indices ui ...Un- This leads then to terms where the 

number of right derivatives is reduced by two, at the price of the appearance of a new field 
strength tensor F. However, even if one includes Bianchi identities within X, this turns out 
to be not enough. 

According to eq. (34) there is an overall trace and thus a freedom of cyclic permutations. 

Cyclicity may however be exploited only after all derivatives have been executed. Nevertheless 
one can use this property already at this stage to 'shuffle derivatives to the right' in the 
subclass of terms which have only left derivatives. In particular one can write 

D;,X = igA;,X = XigA;, = X 5^ , (39) 

where the first equality comes from removing the total derivative d;j,X, the second makes use 
of the trace (no active derivatives!), and the last one follows from the addition of = 5^1. 
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In a similar manner one can prove the identities 



Df^DuX = -XDuD^+ D^,XDu+ DuXDf, , 
DxDnD^X = +XDuDf,Dx+DxDf,XD^+DxDuXDf,+ D^DuXDx 

- DxX Du D^i - DuX Dv Dx - DuX Dx , (40) 

and more complicated ones for four or more left derivatives. After each of these steps one 
has to investigate the resulting terms again for their antisymmetry, possibly using Bianchi 
identities. 

The algorithm comes to an end if all terms have no more than two derivatives acting at the 
same end. An important input at this point is the knowledge that the result can be written 
in manifestly covariant form. This allows one to replace the remaining derivatives according 
to 

D^^O, D^D, ^ |f^, . (41) 

One can easily see that such a replacement rule does not exist for three (or more) derivatives: 
A structure OxD^D^, can originate from DxF^^, but equally well from Di,Fi^x, and the dif- 
ference of these possibilities is nonzero (it is just D^Fxv via Bianchi's identity). The further 
treatment of the result, namely identifying cyclic equivalent terms and reduction to the min- 
imal basis, proceeds along the same lines as described in the Appendix A. Using the method 
described above we calculated all coefficients up to O5 and all invariants in Og which contain 
two or more scalar potentials V. By reduction into the minimal basis we found agreement 
with the results of the worldline approach. 



4.3 The Method of 't Hooft and van de Ven 

Finally, let us comment on the calculation of the inverse mass expansion by Feynman diagrams 
[40,50-52]. Here, the version most suitable to gauge theory calculations appears to be the 
one invented by 't Hooft [53] , and elaborated by van de Ven [40] . 
In this scheme, one first considers backgrounds obeying 

V = -A^A^, d^A, = G. (42) 

For this special case, the effective Lagrangian can be expanded in a basis consisting of strings 
of n ^^-matrices (denoted by trJj), 

/: = ^a,trJ,- . (43) 
i 

The coefficients aj can be determined from the logarithmic divergence of the one- loop diagram 
with n ^y^^-insertions in d = 2n spacetime dimensions. 

One then chooses a minimal basis of invariants for the general background, denoted tr/j, and 
subjects those invariants to the conditions (42). For any fixed order in T, they can then be 
written in terms of the basis iiJj , 

trJi = ^PytrJ,-, (44) 
3 
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with a certain numerical matrix P. If one restricts this equation to a fixed order in T, the 
numbers of invariants on both sides turn out to match, and the matrix Pij to be invertible. 
After performing the inversion, the effective Lagrangian for the general background is obtained 
as 



This method was used by van de Ven [40] to calculate the one-loop counterterms for Yang- 
Mills theory in even dimensions < 10, which is equivalent to calculating the order 0{T^) in 
the inverse mass expansion. We have checked exact agreement with our result for the 0{T^) 
by explicitly performing the necessary partial integrations and basis reduction. Since van de 
Ven considers the case of a real scalar field, this also involves transposition symmetry of the 
coefficients, i.e. the invariance (up to a sign) of the coefficients under inversion of the ordering 
of the simple factors, as explained in detail in [64] . 

For a comparison of the efficiency of both methods, one would have to computerize this 
method, too, which has not been done yet. Obviously, the difficulty resides in the fact that 
the method requires the construction of a minimal basis of invariants a priori, to ensure 
invertibility of the matrix P. Moreover, in order to compute higher coefficients one has to 
find the inverse of matrices of the order of the length of the minimal basis to get the prefactors 
of the coefficients. For the calculation of Oq in the case of a complex scalar field this already 
amounts to a (symbolic) inversion of a 902 x 902-matrix with rational elements. 

5. Conclusions 

We have applied the string-inspired method of evaluating one-loop worldline path integrals 
to the calculation of inverse mass expansions of one-loop effective actions. Complete com- 
puterization of the method has allowed us to improve on existing results by one order for 
a background consisting of both a gauge field and a scalar potential, and by several orders 
for the case of only a scalar potential ^. Comparing with the closely related algorithm used 
by Onofri, Fujiwara et al. and Zuk, we have traced the difference between both approaches 
to the different boundary conditions imposed on the path integral. The results have been 
reduced to a minimal basis of invariants, and the reduction process was described in detail. 

As indicated in the introduction, the formalism can easily be generalized to the case of a 
spin 1/2 particle in the loop coupled to external gauge bosons. A systematic investigation 
of the one-loop effective action induced by a fermion in a scalar background is currently 
being done [66,67]. Moreover a worldline path integral formulation of the one-loop effective 
action of a gluon circulating in the loop was described in [24]. Finally, an extension of the 
present formalism to the two-loop case is under consideration, based on the construction of 
generalized worldline Green functions [68]. 



^As we have learned from A. van de Ven, he has recently also obtained the coefficient Oe for the Yang-Mills 
case, using a novel version of the recursive heat kernel method [65]. This result has not yet been reduced to a 
minimal basis of invariants. 




(45) 
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Appendix A 

As explained in Chapter 2 it is essential for practical purposes to reduce the coefficients to 
a minimal basis. In the pure scalar case the identification of cyclic equivalent invariants is 
sufficient. No partial integrations have to be performed because of the existence of a minimal 
basis, which does not involve any box operators. In the gauged case the situation is more 
complicated. Again there exists a basis without box operators, and partial integrations are 
not necessary, but cyclic permutations are insufficient to reach a minimal basis. Additionally 
one has to use several equalities, namely the Bianchi identities, the antisymmetry of the field 
strength tensor and the exchange of covariant derivatives: 

D^F^x + D^Fx^ + DxF^^ = , (46) 
Fni/ = Fj/n , (47) 

D^D.X = D.D^X + ig[F^„X] . (48) 

In the following we describe the basis reduction algorithm proposed by Miiller, the proof of 
minimality can be found in [64]. 

Before the basis reduction any invariant in our coefficients consists of simple factors X {aV, an 
F or covariant derivatives thereof). Like in the pure scalar case there are no self-contractions 
within a simple factor: 

X G {V, F^x , D^, D^,... L>^„ V, D^, D^,... L>^„ F^„+i^„+, If^i^^}- (49) 

The first step of the algorithm would be the elimination of self-contractions by partial inte- 
gration, which is unnecessary in our case. During the rest of the algorithm invariants with 
increasing number of field strength tensors are produced due to exchange of covariant deriva- 
tives. Therefore one has to start with the terms containing the maximum number of covariant 
derivatives and collect the corrections to invariants with smaller number of derivatives before 
the basis reduction. The remaining algorithm includes the following steps: 

• Removal of derivatives of 'middle' class 

The Bianchi identity exchanges an index of a derivative and the indices of a field strength 
tensor. This can be used for a reduction of single contractions between different simple 
factors. Consider the following example: 

tr{D^D,DpD^F,x . . . X, . . . F,x ■ ■ ■ Xp . . . X^ . . . X^ . . .) . (50) 

The contractions of the derivatives of F^x belong to different classes with respect to the 
contractions of -F^A- This can be seen very easily in a diagrammatical picture, where 
the (cyclic) function tr is represented by a circle (Fig. 3). 

The loop is divided into a 'right', a 'middle' and a 'left' sector by the contractions of 
F^x. Consequently the derivatives are members of a 'right' {Dy), a 'middle' {Dp) and 
a 'left' (-D^) class. There are also derivatives that do not belong to any of these classes 
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Figure 3: Graphical representation of the sectors spanned by F^x. The indices of the field 
strength tensors are denoted by crosses, the indices of derivatives by dots, contractions are 
denoted by straight lines. 



The Bianchi identity involves all classes of derivatives and can therefore be used to 
eliminate one of them. It is useful to take the symmetric choice and eliminate the 
'middle' derivative. In general the derivatives in a simple factor have to be exchanged, 
producing invariants with a higher number of field strength tensors, in order to apply 
the Bianchi identity: 



Then the Bianchi identity is used to remove middle derivatives {Dp in our example): 



The effect of using the Bianchi identity is a decrease of the 'middle' sector and corre- 
spondingly intersections between derivative contractions and this sector are removed. 
This procedure has to be done with all 'middle' derivatives in all simple factors, which 
corresponds to a minimization of the 'middle' sectors. 

• Reduction of multiple contractions between simple factors 

In a next step multiple contractions between simple factors are considered. The general 
aim of the reduction is to achieve that multiple contractions appear only between field 
strength tensors. To this end one applies the following rules: 



Dij^D^DpDaF^x = Dij^D^DaDpF^x + corrections . 



(51) 



D^D^D^DpF^X = D^D^D^D^Fpx + D^,D,D„DxF, 



(52) 



tr(. ..F^,... D^F,^ ...) = -tr(. . . F^, . . . D^F,^ . . .) , 
ix{...D^F,^...D,F^X---) = ^tri. . . D^F^f, . . . DxF^, . . .) 



(53) 



+ tr(. . . Df,F,^ . . . Di,F,x ■■■), 
ii{...F^,...D^D,X...) = ^ii{...F^,...ig[F^,,X]). 



(54) 

(55) 
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The first and the second rule use the Bianchi identity combined with antisymmetry of 
the field strength tensor. The second one can be considered as an exception from the 
first rule. In this case the reduction aim cannot be achieved completely. The third 
rule uses the exchange rule for derivatives and produces again invariants with a higher 
number of field strength tensors. 

• Arrangement of indices and simple factors 

After all the ordering has been done the indices can be fixed. Using our diagrammatical 
picture again we can always rearrange the indices in a simple factor in such a way that 
the contractions form the shortest possible connection on the circle. This can always be 
done using the exchange of derivatives and the antisymmetry of the field strength tensors 
and will (in general) produce terms with a higher number of field strength tensors. We 
illustrate the rule in the following example: 

tr(. . . D^DxF^,^ . . . D^D),F^^ . . .) = tr(. . . D^DxF^^ . . . D^D^F^^ ...) + ... (56) 

After arrangement of the indices cyclic equivalent invariants are reduced by simulta- 
neously fixing the ordering of simple factors and relabelling the indices alphabetically. 
This completes the algorithm. 

Prom the algorithm described above one can read off the properties of the basis invariants: 

• The basis invariants are products of simple factors, which do not contain any self- 
contractions. 

• The basis invariants do not contain any 'middle' derivatives. 

• In multiple contractions between simple factors, the field strength tensors are doubly 
contracted. There is one exception mentioned above. 

• The arrangement of indices is such that the contractions form the shortest possible 
connection on the circle. 

• The basis invariants are the lexically smallest ones among the set of possible cyclic 
equivalent invariants. 

The following table gives the number of basis invariants as a function of the order in the 
proper-time parameter T: 



order 


total 


i; = 


V = 1 


v = 2 


v = 3 


V = 4 


V = 5 


V = 6 


1 


1 





1 












2 


2 


1 





1 










3 


5 


2 


1 


1 


1 








4 


18 


7 


5 


4 


1 


1 






5 


105 


36 


36 


23 


7 


2 


1 




6 


902 


300 


329 


191 


63 


16 


2 


1 



Table 1: Number of basis invariants in different orders of the expansion, v is the number of 
scalar background fields. 
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Appendix B 



In this Appendix we investigate the connection of the spht of the path integral with the 
freedom of choosing a Green function for the second derivative operator. Moreover we show 
that the final result (the effective action) does not depend on the actual choice of the Green 
function. 

The Green function used in the worldline approach (eq. (12)) is in fact not the inverse of 
the second derivative acting on the complete space of trajectories. Partial integration on the 
circle yields 

f'^ 1 92 1 

dn G{ti,T2) 2 ^^(n) = x{t2) -fj^ dn x{n) , (57) 

where the second term should be absent. On the other hand we have performed the path 
integration only over the relative coordinates y(r) , which obey 

r dry^'ir) = . (58) 
Jo 

This shows that the Green function (12) is the inverse of the second derivative on the space 
of relative coordinates y. 

This can be generalized as follows: An operator can be inverted only after extracting its zero 
modes. For the Laplace operator on the circle, the zero modes are just the constant functions. 
Therefore we perform the split 

x{t) = xo1+ y{T) , Jvx = Jdxojvy. (59) 

The value xq is determined as weighted average 

xo= [ dr p{t)x{t) , (60) 
Jo 

where the weight function p - the so called background charge - is a periodic function on the 
circle with the normalization 

rT 

dTp(r) = l. (61) 



/ 

^0 



/o 

For the path integration variables y this leads to the general constraint 

r dT p{T)y{T) = . (62) 
Jo 

The defining equation for the Green function G^^^ reads now 

pld^rG^p^r = pG^p^r^d^r = v , (63) 



where 

{p\p) 



(64) 
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is the projector on the subspace of functions y which obey the constraint (62), V\y) = \y). 
One can now show that for real Green functions the following conditions are sufficient to fulfill 
eq. (63): 

G(^)(ri,r2) = G^P\T2,n), (65) 

P(ti) / p{T)G^P\T,T2)dT = p{T2) [ p{T)G^P\T^,T)dT , (66) 

JO Jo 

^|^^?^'H^1.^2) = 5{T,-T2)-p{T,). (67) 

In order to solve the last equation, it is convenient to construct a generating functional H as 
the solution to ^ 

i^if(ri,r2;a) = 5{n - rs) - <5(ri - a) . (68) 
G^p") is then obtained from a convolution of H with p: 

G^p\ti,T2)= r dap{a)H{Ti,T2;a) . (69) 
Jo 

The requirements of symmetry (65) and periodic boundary conditions determine H uniquely 
as 

2 

H{Ti,T2;a) = |ri - T2I - |ri - a\ - \t2 - a\ + — (ti - a){T2 - cr) + h{a) (70) 
up to a function h{a). With the special choice 

h{a) = £p{r)\a - r|dr - ^ " £ P^^^"^") ^^^^ 

r piTl)G^f\Tl,T2)dn=0, (72) 

Jo 

such that eq. (66) is trivially fulfilled. 

Any G^P^ constructed from (69) can be used as Green function for the evaluation of the path 
integral. Different choices of p lead to different effective Lagrangians, but to the same effective 
action. Let us shortly verify this assertion for the scalar potential case, where the integrand 
is just the universal exponential 



we can achieve 



exp 



1 " 



(J) 



(73) 



«J=1 

(note that for a general G^^^ diagonal terms have to be included). Using the observation 

H{Ti,r2; a) = G(ri, ra) - G(ri, a) - G(r2, a) + h{a) , (74) 
where G is our original Green function eq. (12), wc may rewrite the exponent as 
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1 n 1 " 

^^j) (75) 



i,j=l i,j=l 



n I.J' n 

i=i j=l 



1 " /■^ 
- 9 / dap{a)h{a) . 

^ i,.7=l 



This shows that ah p- and /i-dependent terms in the effective Lagrangian carry at least 
one free factor of ^ and therefore are total derivatives. This argument can be easily 
generalized to the gauge theory case. In particular, by performing the shift h{a) h{a) + c 
we see from eq. (75) that two Green functions that differ only by a constant c lead to effective 
Lagrangians that differ only by total derivatives and thus give the same effective action. 
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Appendix C 

The coefficient Oq written in the minimal basis reads 



- ^ i VF.xVxVV^ + ^ VV^xVVxn + ^ V^V^VxVx 
9 9 o 10 12 o 



17 18 , „ 18 



+ ^ V^VxV^Vx + y FF«F«aFa - y i F V^F^a^A 

24 n 26 26 

- y i V^V^VxFx, + y FF^aV^aV^c + y FV;FaVa« 

- y i VV^VVxFx, - VF.xVxF^^V^ - 2VV,F,xV^F^x 
+ KV^kA/xV^a + V^Vx^^V^x^ + l VF^xFxkV^^V^ 



2 



+ \ VV^V^Fx^F^x + ^ F'i^«Ai^MA«V;. + \ y^V,FKX„F^x 

- \ VF^xV^F^xVn + ^ V^Ki^AM^M^^A - ^ V^KVxi^K^i^M 



- y i VF^x^y^nVx - ^ i Fi^KA^V;.V^AK - ^ i FF«A't^i^AM'^'^M« 



- y i F^xVx^cV^V^ - ^ VF^xFxi^VV^K - \ V F^xFx;.V,.Vn 

- y VF^xVVx^F^n - ^ VF^xVxV^F^^ - ^ VF^xV^VxF^^ 

- ^ i VF^xVx,.V^n - ^ i V^F^xFx,.VF^^ - ^ i F^xV Fx^F^,^ 

5 3 ^2 ^2 

+ ^ F FkXhFkhX + 7 ^ -^kAjU-^^/haV'k + y ^ -PkA^xV'kF^a 

+ y F'i^«AV;.i^MAK + ^ FV.Fa^F.^a + y Fi^«Ai^A/.KV;. 

- y FKi^AMV;.^A« - ^ i FF«AV^i^AM« - ^ i FKVO.M^M« 

+ ^ VFr^x^^VF^^x - y i V^F^xFxf^F^n - y ^^K^^Ai^A^V; 

- y i i^^A^A^V^.^^ - y i i^^A^^^A^^V^^ + ^ VF.x^F^xVV, 
+ ^ VF^xFi^XKVVf, + ^ FF^Al^i^/^AKl^,. + ^ Fi^^A't^V^.i^^A^ 
+ VF^xVi,Vi,Fx^ + ^ VV^Fx;,F^xV^ + ^ F^aI^a^V^k 



22 



- y i VV^xVx^^F^^ - y i F^xV^V^Vf,^ + ^ VF^x^^VV^F^x 

- 2 i F^A^^y^^A - 2 i F^A^y^^AK - 2 i F^xV^V^xVn 

- i I/F^aFa^^V^ - i ^^«^A«^V^A + I VF^xi^V^uF^^x 

1 2 1.2 1 . 

+ 2 y F^xF^vFvxFuK ~ 3 i ^ F^^xixFvixxFvk — g i VFkxVFx^vFkvix 



g i y FkXixFi^i/Fi/^x rj ^ Ff^x^ FxjjtFi^iiFnn ^ 
1 . „ 1 



— ^ i y FkxFxixvV Fi^^^ + — i y-FKA-Fjiii/-F,^AKV]u — -j^ V F^xuF^nuVi^x 
"l~ y FnXfiF^i/V^XK yF^A/i^Kf-Fj/A + y Ff^XfiyfifFni/X 



y Ff^xFuXuVh/nK 2"!^ y-F^A^/it'-Fiyju/t 21 ^ ^-^kA-Fajui/V^F;/^ 
1 „ _ „ 1 . „ „ „ 1 



+ ^ i ^-f^KA-^A/ii/K-Fj^iK + — i VVkFi^xuF^vF^x — ^ i W^Fx^iFfj^^Fj^xK 

1 2 . 2 . 

+ ^ yKXiJ.iyViyiJ.XK — J i -FsAiui/KyAVjuK — - i y-FsA/i Vi/F^A-F/k 

2 2 2 

— g i yFKxFxnyvFi^nK — - i FF^^A^M-^/uAi^-Pi/K + ^ -^KA-P/iAi/^ftK/i 

2 2 2 

+ -^KA^//i/^A-^i//iK + 2^ yF^XnuVFxKvn + 2^ i ^-^KA-^A/i^-^Kiz/i 

2 2 3 

+ ^ i ^-^KA^/i-^i^AtA-^i^K ~ g2 i ^-^KA-P/ii^-^i^A^MK ~ y F^xVxFuKuViyfj, 

3 3 2 2 2 

y F^A^^i/Fj/jnA^ 1^ i y Fi^xuFhuvFjjx j Ff^xFjxXvFuvf^ 

3 . 4 4 

— i F^aF^i/KFakF^ — - y V^AiuF^Ai/Fi^K — -j yyKxF^j,xvF,j,i,K 

4 4 . 4 . 

g FfjA^X/iF^^ ^ Fi^x^ivVuXKyn ~ ^ ^KA/ij/y^^A/t 

— i- i VF^xVF^xuF^uK - ^ i VV^xF^^F^xFtJK + ^ i Vf^xFx^vF^v^ 

4 4 4 

~l~ F^aFa^j/V^k + F^ A F^ Aj/ y^ ~l~ F^Ayx/ij/F^^V^ 

4 . 4 . 5 . 

— g2 i -^kA-^A/xKFi/kV^ + — i VF^xtxFnvFy^jYx - - i yF^A/iKFi/^F^A 

5 5 5 

+ g F^xFuXKyvyvn + g F«;AF^^AK;yi/^ + g F«^ A F^Ak 

5 5 5 

+ g F^xVuFnuXKyv + g F^^aV^KFi^^ak - g i y F^xyuFxvFjyfj,^ 

5 5 5 

— g i WKFKxFf^uFxuf^ + VFi^xiJ.i^Fxi,ij,Vi^ + — VF^xiJ.iyVxKFuij. 
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+ ^ VF^xVf,uF^f,x^ + ^ VV^Fxf,,.Fx^^f, - ^ i F^xFf,^, Fx^V^V^ 
5 5 5 

5 5 5 

"I" 2J ^-^KA-^/ii^Are^/i "I" ^^kX-^Xk^mu-^uij, H" ^ ^^kP'kX^ivPxv^ 

+ |- i F^aFa^F^^F^F, + ^ V^F^xi..Fx^u„ - ^ yF«Ai^A/.V^i^M-^i^- 



5 ^ 5 5 

^ PKxPxK-FfxvFi/fx "I" i -FkA-Fak-F//;^^^^ ~I" 

5 ^ 5 _ _ 7 



+ ^ i V^KXyX^KnuFuf^ + y FkxFxkV FfivFu^i - - i V^-FKA-^Mi^KA-F/zK 

8 8 8 

g -^KA-^A/i^^i^^K g -^kA-^A/u^^/uk g A "^/x Az/ 

8 8 8 

— g ^^KA^A^Ki^i.^.^ - g F^xy^,F^XyV^,K + g i F^xFxp^F^uV^^V^ 

8 8 8 

+ g i yynFxKuFxvFufi - — i VFi^xix^F^^n^F^x - ^ i ^-^KA-^/iAi/^-F^ii/K 

— g3 ^ Fk,xFxij,Vi,Vk,Fi,h — — VVkXhFui^Fxuk + ^ F^^xFxtiFKvFyfj, 

— ^ V^F^xFx„F^vFy^ - ^ i F^xFxnV^V^F,^ - ^ i VF^xF^^xkV.F,^ 

+ ^ -^KA-FA/i^i/^/i "I" ^ -FkA-Fa//^k;i/^ "I" ^ FkX^Xij,Fi/ ixk^i/ 

— g2 ^-^kA^-Fa//-?^/*:^-?^:^^ - g2 ^ -^'^a-Fam-Fki/KV'^ - ^ i F^xFxixVkVi^F^h 
+ ^ ^Fi^xFxuFi^^Vufx — — i l^-F«;A-?^AM-^/i«;i^K ~ 21 -^«A//-PK/i!/KVA 

A -F/i A;/ ^ -^kA^^-F/iki^^ A Fi'/iK 

^ i -^kA/U^ki/^A ^ i Fi^Xii^ixv^uXk ^ i Ff^xYxixv^v^iK 

— ^ i yF^XfiFKuVuF^x — ^ i VF^^XfiF^xVuF^K — — i VF^^xy^lF^J,uFl,XK 

— ^ i yV^Fx^F^f^xFuK — ^ -F/tA/iV'^-FKAi/K + — F^xuVi^F^f^xVu 

^ ^ -^KA/i^-^Ki^/U^ "I" ^ -^reA^i^-FAK^/i "I" ^ F^xM Ffj^iiFuxFfxK, 

+ g| y F^x^ FxuF^yF^.^ + — yF^A^-F/ii'-Fi'M-FAK + 2^ ^-^KA-F/iJ^^-FA/t-Fi 

13 13 13 

— i ^-^KA^M-^i^AK-Fi/M — Y2 ^ ^-^KA-^^/ii/K-P/iAK + ^ i ^-PkA-Fam-^M'^^J^k 

13 13 13 

+ — i VF^xFx^y^.uFuK + ^ i V F^xVx^,F^uF,^ + — V^F^xF^^Fx^F,^ 

+ ^ i Fi^xFuuVi^FuxYk — — i V^Fi^x^Fni^F/^^x — ^ i ^-F/tA-P//'^-^Ai//iK; 

17 17 17 

+ — VV^xFx,,uF^^i, + — i VF^xVx,,F^uF^^ + — VF^xi^^F^f^Vx^ 
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17 17 17 

17 17 19 . 

— i VF^xFxtjyKvFviJ. + g| y FkxFixvV Fjy^FxK — ^ i V Fi^x^XixuFukVij. 



19 19 19 

- 42 ^ ^^K-^A/iiz-^i/M-^AK + ^ i -^KiA-^M'^^A-flK^/i - ^ i WkFxhvFxkFvij. 

- ^ i FF«AMi^/.Ai^«.V^. - § i VF^x^V^F^^F^x - § i V F^xF^xyV^F,^ 
22 22 22 

^KA-^A/ni^^^K FkX^XiuVuFki/ix -^fcA^^-^fc'/uA^K 

22 23 23 

+ ^ i -^KA-^A/iK-Fl/iK + — i VVf^xFxuFniyFiy^ - — i VVi^FxuFn^F^i^x 

23 23 23 . 

+ ^ ^-^KA^i-^^i^iuAKK + ^ ^-^/tA-^^/ii/^-^i/A-P^K ~ ^ i -^kA-^A^^k-^^/xi/K 

23 2 23 23 

~l~ ^ F/^xFfxuFiifj^FxK "126 ^ ^'^'^A^A^j^^i^/i^^ "126 ^ ^^'*A^'A-^/i!^-^fi;t'/i 

25 . 26 . 26 . 

- ^ i V Fi^xiJ.V F^f^xFuK - ^ i ^-^/tA/z-^Ki^^/i-^i/A — ^ i ^-^^KA^^i-^Aiz-^Ki//* 



26 . 29 29 

+ ^ i yyKxFxuFnvFvn — — -FKA^A/i-^Ki/^i^/i — ^ Fk,xVij,uFi^xVij,k 

29 31 31 

-^/tA^^iv-^iv/UK i Fi^xFxfjMvFjxi^Vv + y Fi^x^ Fjj^iyFxKFi/fx 

31 32 34 

12g ^ yy^FxixFi^iiFi^^x + ^ y Fi^xFxjjV Fi^i,Fi,fj_ — -PreA-^//i^^A^/t 

37 37 38 

"I" 252 "^'^A/i^-^iz/iA^ "I" 252 "^"■'^/'^"^''''-^^ g3 FKX^Fjj^xyvyK 

43 . 43 43 

"I" g2 ^ Fi^xFxuVuFi^i/Vi, + -^kA-^/zAk^^!^^ "I" i2g -^KA^^^^iz-^i^A/t 

43 . 43 . 43 . 

12g ^ FfixFxK^iJ,Ffj,uVi, Y26 ^ ^"^'^A-^juAk-^jU!^^ Y26 ^ ^^'^''A-^A/^iz-f^i^/i 

46 50 53 

+ i VFi^xiJ.ViJ.FxuFuK - ^ i V Fi^xuFniyVxF^^ — — i -Fka-^A/z-^mk^'^^'^ 

53 61 62 

- ^ i VF^xF^xuF^kV. - ^ i VV^Fx^F.^^F^x - ^ i V F^x^F,,,F,xVn 



74 97 97 

— i Wi^FxuFn^iyFi^x "I" i2g FkXhFj^j^x^k^i' + 125 

97 „ „ „ _ 97 . „ „ 1 



"I" Y2Q "^'^a^-^i^Ak^/u 126 ^ "^'^A-^/u^^-^i^//^ ~ 3 ^ Fi^xFxiJivpFjxpKMy 
"I" ^ F^xFxij,Fi/i^pVi,Fpfj_ — Fi^xFixi/VpFpxFi^i/ + — V Fi^xixFKfxvFxpFpi/ 
g i Fi^xFp,vpFp,xpv^K ^ i Ff^xFpvp^pxFnpv ~l" y Ff^xFxpFy^yVpFpitp 
"I" y Fj^xFxptFvpVpF^np^ + — V Ff-xFxfxFi^i/pFp^pi, + — V Fi^xFxfxFuKpFvpij, 
~l" ^ i FfixFxpMvpFpuvp, + ~ i Fi^xFpXv^pFp,fipv 1^ i Ff^xFpupVpF^pXK 
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/ y y 

"I" g i -^KX^iiv^vXpFnpp, + ■^^KXp.-^Kupp.X^pi' "I" ■^KXpMvpFpvKp.X 
"I" ^ ■^KX^Xixvp-^p.K^pv "I" PnX^ivPxKpvpVp "I" ■^KXp.v^p-^pXKvp, 
-^KX-^Xixiz-^Kp^pF^uij, "I" -^kX-^ixvpXkMpvh -^KxYixvpFpunXK 
^ ^KX-^Xnu-^Kp-^pflJ, Yg ^ -^KxPxixvFpvix-^pK ^ ^KX^XlX^IXVpFi^pi, 

+ Y^ ^ ^ ^nX-^nvFvX-^KpFpn ~ Yg -^KX-^Xuv^p-^pnFvp, ~ ^ FnXfjii'-^XKi'p^pix 
^Y ■^KX-^p.i'XpVpi'p.K ^Y ^KX^X/j.i'p-f'^pi'p.K ^Y ^ ^KXp.Pnp.vVpFpvX 



^ ^kX^Xiiup^kPhpv ~\~ 2"!^ ^ ^KX-Fxp^Fi^ivKp^pp i PnX^p.-Fp.i'XpPppK 

^ i ^ ^KX^iivFxpFiifxFpi^ — — Ff-\Fxp^F^i,pVpFi,p_ — — V Fi^\p^Fp^i,F\pFpi,i^ 

— ^ i FkxFxhFvkpVpvh — i F^xFxpVKvpFpiyp, + — i Fi^xFp.vpFp_pxVi,K. 

1 . 1 . 1 . 

"I" i FnXYXp.PvKpPl'pp, "I" i ^ -P^KXp.-Fp.UpFxKpl' ~l" i ^ -^KXF^IXvFypFpxFp^i^ 

"I" Y2 ^ -^KXnup-FuXKpu ^ ^ ^KX^ixvpFxphiFp^fi + Yq^ ^KX-^Xix-^vp^p-^vixK 

^ ^ ■^KXp.Fp.KvpFxpi' + ]^26 '^'^^'^i^'^'^^'^'^'^f^Pf^ ~ T26 ^ '^'^^^i^'^^'^P^'^^Pi^ 

1 2 2 

3Y5 ^'^^^^i^^^^t^'^P^P^ y ^KX^nXK^iipVpFiip^ + — V Fi^xp.-Fp.i' -^KXp-Fpi/ 

2 2 2 

"I" J ^ -^KX-P^flXu-^KpF^ppU ^ i ^KX^puXp^VK^pp, g i Ff^Xp-^KVp^pFxpU 

2 2 2 

Y^ ^■^KX-^IJ-l'-FuXp-FppK Yg ^ ■^KX^p.-^UpXK-Fpl'p. "I" ^ ^KX^Xp^-Fp-KV^pPpV 

2 2 2 

+ ^ ^ -^nXp^vp^npX-l^pv ~\~ — ^ Ff^x^pvpFxn-^^ppv + ^ i ^KX-^Xpup^p^^vn 

2 2 2 

^Y ^ ^ ^kXp,vFxkv pF pp, ^Y ^ ^ ^KX-^pvXp^vp,pK ^nX^Xp-^Kv^pFpipi/ 

2 2 2 

2^ ^ ■^KXMX-^Kp.VpFfxpi; — — V Fi^xPXp,^VpFpK,pV ^ ^KX-^p^V-^XpUp^PpK 

2 2 2 

"I" g2 ^■^KX-^p.l'-^l'Xp-^Kpp, ]^Q5 ^ ^ ■^KX-^Xp.UpPp.KpV ^ -^KX-^pV-^pvX^Kpp 

3 3 3 

"I" y -^KX-^XpVi' -^Kp-^pi/ p, Y^ ^ ^KX^pXKVvpFpvp Y^ ^ PnxPpvXKVpPvpp, 

3 3 3 

Y^ ^ -^^KAKx/i-^Kvp-^/ip;/ ~l" -^KX-^Xn^pppPpv^p ~l" -^nX-^Xn^p-^pp-^ppp 

3 3 3 

+ ^ ^ ^KXp^piX^KVpFpV + ^ ^ ^KX-^pXK^Pp-^ppV ^ ^KXp-^KVppVpvX 

3 3 3 

~ -l^nXpFypp^pyXn -^nXp^pup-^pKuX ~l" ^KX^Xp^Kv^ppPpv 
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3 3 3 

3 3 3 

2^ ^ -^KX^Xn^yixp^ypK 2^ V ■^KX-^p.Xu-l^ixi'p-^pK + i -^nXf^-^Kixv-^uXp^p 



3 3 3 

"I" 2^ ^ -^KX-^nXu-^l/pKp^p 2^ ^ ^KX^IxXv^p.pPpVK "I" ^ i ^ ■^KX-^Xp-^KvFp.pFpi, 

3„„„„_ 3„„„„„ 3 



"I" -^KX-^Xix-^KupFpi/Vn + FKX-^XpMn-^vpFppv + ^-^KA/i-^^K/xA-^^ivp-^pi/ 

3 4 . 4 

"I" ^ ^KX^XK^ixvpFfxpi/ 1^ i F^\F\ij^i,Fpi,i^Vpix ^KX-^Xp.-^i'pVp.-^Kpi' 

4 4 4 

+ ^nX-^pX^^Kp^n-^pv — — Ff~\p^Fui^pFypFp\ + — V Fi^\pFi/pFf^ppFi,\ 

4 4 . 4 . 

"I" ^ ^KXFfXvpFpX-^IXVK ^Y ^ ^KXFp.VpVxFp.KpV ^Y ^ ^ ^KXp,vFi, pF\^pp_ 

4 . 4 . 4 . 

i FnxF^XpVupPpvpK i ^KX^pvp^ppPpXn i ^ PnXfi^nvfipFypX 



4 . 4 4 

"I" ^ i ^ -^KX^iivFiipFuxFpi^ + Yq^ ^nX^Xp.^KvFp.pVpv + Yo5 ^'^^'^^t^^P^P'^^^^'' 

4 4 . 4 . 

— ^Y5 ^ ^KxFxuvpFpvF^K + ^Y5 ^ ^KxFpyVvXpFppK + ^y5 ^ FKxFxiJ,Fp.vFi,pFpK 

5 5 5 

^Y ^ Fn\Fp^\yVpFpp^i/i^ + ^Y i ^ Fi^\F\p^Fi,pFpi^Fi,p^ + FkxFxk-F nvp^p,Fpi/ 

5 5 5 

"I" ^ FkX-FxkFp^i/VpFpiih — F^\F\p^Fi,pVp^i^Fpi, — Ff-\Fni,F\f-Vi,pFpn 

5 5 5 

+ ^ ^ F^X^FypFpjjFi^p^x + — F^\F\^Fp^jjFypVpi^ + — Ff^\F\f^Fpi,VypFpn 

5 5 5 

g2 ^ FKXp,Fi>pFpp,\Fi,i^ + V F^\F\p^F p^i^u pF pjj i F,f^\F\ni,pVni^Fpi, 

5 5 5 

i ^ Ff^\F\pFupFppFp^i^ i V Ff^\Fp^pFj^p^F\pFpi^ + ^ ^nX^ppFxpFpnyp, 

5 5 6 

Y26 ^ ^'^^^P'^^^P^PP'^'^ 126 ^ ^i^^^^iJt>^p^>^p^^i^ ~ 2^ ^ Ff^xp^F^iiFp^^Fpi, 

6 6 6 

"I" i Fi^\pFi^piyVpF\pi, + i Fi^\VpFi,pp\Fpi,i^ i V Ff^x^^i^Fxp^^Fp^ 



7 . 

Y^ ^ ■FKxFp,vF\pypVpi^ ^Y i Fi^xFxp^jjpFpi^Vup^ ^Y i Fi^\Fp^i,\pVi,Fp^pi^ 



2g -^KX-Fxixu-FifK^pFpn 2^ i Fi^\Vpi,Fi^xpFi^pn i V Fi^xixvFxvpFnpp, 

8 . 9 . 9 . 

2g ^ ^ Ff^xp.Fyp^pFjji^px — — i F^x-^xpFi/pp^^Vpi, — — i Fi^xFpvXpFvpKMp 

9 . 9 . 9 

i Fnxy^ixFvXpFiiKpp, + i V Fi^xFp,!/ FxpFpi/ Fp^^ F^x-Fp,iiFxpVpF^i,p 

^ Ff^XpFi^yFpypFpx V Fi^xp,FpvFvXpFpK ^ F^x-FxppFjypFpp^ 

^ ^ Ff^xFfxXhiFppF^pn — i VFi^xFxp,Fi^i/Fi,pFpp_ — V F^xPxixvFpvKFpp 

i Fi^x^p.FvXpPpvpn Y2 FnX-FxKMpvFvpFpp ^ FKxPp,vXKFvpFpp 
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FnxFx^Fj^p^pFiii^Vp Ff^xFxp^ViiF^pFi^pjy Ff^xF^i^VpFpi^F^x^ 

"I" ^ ^KxFfxvpFupxFiin + ^Fi^xFui/pFupiiFxK ~ ^ ^ ^nXtxvFxnpFpvp, 

Yo5 ^ ^ ^'^^i^^^'^P'^p^iJ'^ 210 ^'^^'^P'^'^P^'^^P^^P' 35 ^KxFx/xF^iypFppVi, 

13 13 13 

"I" Fi^xFxjxFvKpFvpMp Fi^xFxp,Fvij,KMpFpv Fi^xFxuFvpFpuViip, 

13 13 13 

~l" Fi^xFxpVvFi^pFp^pjj + F^xFxij,Ffxi,VpFpi,i^ ^ Fi^xixFiijxxFKpFpv 

13 13 13 

13 . 13 16 

210 ^ ^i^^^P'^P'^piJ-^i^^^ 630 ^ ^'^^^P'^P^P'^^'^P^ g3 FiixF^xi' Fjj^pV^Fpi, 

~l~ Ff^xFfxi/VpFi^xFpfj^K Yq5 ^ ■^'•^^Fx^vpFp^pyVn i Ff^xFpXnFi/ppVpp 

16 . 16 . 16 . 

Yo5 ^ ^i^^^p^^i^^^pp^p 105 ^ ^i^^^^-^p-^p-^p-i^p^ ~ To5 ^ ^i^^p^^^p-p^p^i^ 

— i F^xVuFi^npFpi^xK + Ff^xFp,uFxpVK,Fpi,p, + V Fi^xFixvFpyxFpp,K 

17 17 17 
FKxFxpi/Fi/pV^Fpij^ + V Fi^xFij,xuFp^i^pFpjj Fi^xFxpVp.FKvpFpn 

17 . 17 . 17 

Yo5 ^ ^i^^^P^^p^i^^^pp- 105 ^ ^i^^P^^pp^^p^i^ 315^ ^KxFuXv^pFfXKFpv 

17 19 19 

"I" ^ F^XfjiFvpFpi^Fup^x ~ g2 ^ -^KXpF^i/pFpxFi,^ Y26 ^ '^^^^'^^p'^^P'^p'^^p- 

19 19 19 

210 ^'^^^^P^'^P^'^P^^P 315 ^'^^^^P^'^^P^P^P^ 315 ^'^^'^^P^'^'^P^P'^P^ 

FnxFxpY^uFppFppi^ + Fi^xFxpMvFpKpFpp ^ Fi^Xp.FKvFppFpi,x 

^ ^Fi^Xf^FKi/Fiip^pFpx — V Ff.xFij,xuFp,pFpi,i^ — i Fi^xiJtFp,vpFxpv^K 

20 . 22 23 

i Ff^x^p-F^xupFupi/ + Yo5 ^ ^i^^'^^P'^'^'^'^p'^pp 25 -^KxFxfiFvpFppi^Vi, 

23 23 23 

Y5 ^ Fi^xFp,xuFpp^i^Vpy + Ff^xFxpy^vFupFi^pij^ + i Fi^xFxp,vFi/pVpixK 

23 . 23 . 23 . 

"I" ^ i F^xFxpu^upFupp + — i F^xFxixv^vpFpp,K, + ^ -^KxFuXvFfxpVpi/n 

23 . 23 . 23 

+ i Ff^xFiJiXu^p,pFK,py — — i Fi^xFp,i/VxpFpKi/p + i05 '^'^^'^^p^p^'^^'^p^p 

23 23 23 

105 '^i^^'^pv'^^p^^'^ppi^ To5 ^ ^'^^P^P^^^P^'^P^ ~^ To5 ^ ^'^^P^^P^PP^'^^^ 

23 23 23 

105 ^ '^'^^'^^p^^^p'^'^pp 105 ^ ^i^^p-^i^pi^-^p^^^p ~^ 2Q5 -^KxFxp,Fi/npVpi/n 

23 23 23 

+ Yo5 ^ ^i^^^^p^p^p^pvi^ 105 ^ ^i^^^p^^^P^p^pi^ To5 ^ ^'^^^P^^^PP^'^^P 

23 23 23 

"I" Yo5 ^ ^i^x^XpFyppFypi^ — ^ '^i^^P'^'^^p'^pi^'^'^P 315 ^'^^'^^p^^'^p^^^pp 
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23 . „ „ „ _ 25 „ „ „ „ „ 26 



"I" ^ -^KxFxfj^i/F^piifjVp Ff-\F\ij^Fi,pF^pfjVi/ ^ F^\Fp_\i,Fpp^i^Fpi, 

26 29 31 

"I" ^-j^g Fi^\Fp^i,F\pFi^i,pVp — i F^\Fp_i,pF\piiVp^i^ + ^ Fi^x^Fp^xFiipFi^pi, 



31 31 31 

Fi^xFx^uFupFp^i^Vp + FK,\F\pVi,Fpyi.^Fpi^ 3Y5 

31 . „ „ „ „ 31 . „ „ „ „ 32 



^" ^ ^i^^^iJ'^^^iJ'i^p^p^ 315 ^ ^K\Fp^\i,Vni^pFpi, Fi^xFx^iiFiii^F^j^pVp 

32 32 32 

"I" Yo5 ^'^^'^^i^'^'^^^p^i^^p ~ Yo5 '^'^^^i^^'^^f^^^P'^P^ ~ 3Y5 ^ ^ ^'^^'^p^'^^p'^^i'^'^PiJ- 

34 34 . 34 . 

"I" -^KxFxni/VpFi^i^Fpp 3Y5 ^ ^"^KA-^A/u-^i^/o-^p/i-^t'K 315 ^ ^ ^'^^'^P'^'^^^^i^P'^p'^ 



37 37 37 

-j^Qg i ^ Fi^\F\pFppFi^pFpy + 210 ^'^^P'^^^p^P'^p'^ ~^ 252 ^ ^'^^p^^P'^p^^'^p^ 

37 38 41 

630 ^'^^^^P^^P^'^^PP^ 315 ^'^^^^P^'^^^^P^PP ~ To5 ^'^^'^^P^P^P^P'^^^ 

41 . 41 41 

— ^ ^K\iJ,FKupFppi,Vx + F^xFux^Fi^pV^Fpiy + Fi^xFui/VpF^pFpXK 

41 41 41 

"I" 2Y0 ^^^P^^PP^^P^'^ 210 '^'^^P^'^^P'^P^P^ 210 ^ ^ '^'^^^^'^'^P^'^^P'^PP 

210 ^ ^ ^'^^'^^P'^P'^'^^P'^P^ 126 ^'^^'^'^P'^^P'^PP^^'^ 126 ^ ^'^^^^P'^P^P^^P'^ 
43 . 43 44 . 

J26 ^ '^'^^'^P'^^'^'^^p^pp- 315 ^ '^'^^p-'^i^^P'^PP'^^^ ~ K)5 ^ '^'^^p-^^'^p^p-^'^p^ 

46 46 47 

"I" Yo5 ^'^^^^P^P^^^P^P'^ 105 ^'^^^^P'^P^^P^'^P^ 420 ^ ^'^^P'^'^^P^P^^P^ 

47 53 53 

~l~ ^ ^'^^^P^^p^i^'^P^P To5 ^ ^'^^P^P^P'^f^p^^^ 3T5 ^'^^^'^P'^P^^'^P^P^ 

53 58 58 

"I" 3Y5 ^'^^^^P^P^^'^P^P^ ~ 315 ^'^^^P^'^^P^^^'^PP 315 ^ -^i^^^P'^^P'^^'^pp'^ 

3Y5 '^'^^^^P^P^P^'^^P^ ~^ 2^2 ^ ^'^■'^P^^P'^'^P^^P-'^ 252 ^ '^'^^'^P'^P'^P'^^P^'^ 

67 . 67 . 67 . 

3Y5 ^ ■^I'^^-^pv^i'p-^ppXK g3o ^ ^ ■^KxFxp,Fi/pFp_i^Fpi, g3o ^ ^ ^i^^^p^^^i^^^p^pp 

68 71 71 

^-^kXhFk,i,FhpFxpi, Ff^xFxni/FifpFi^pVp 3^5 '^'^^'^^P'^p^P'^p^^'^ 

71 71 73 

3J5 ^KxFxijMiJ,FypFi^pi, 3J5 ^-^KXf^F^i/Fi/pFpp^x ~ 2Y0 ^ -^i^XixF^ypVpFyp^x 

73 73 73 

^ 3Y5 FnxFxjjyFuiiFpiii^Vp 3Y5 ^ Fi^x^iFvKpViiFpp^x 530 ^ ^'^^p^^^p^^p^p'^ 

73 73 73 

630 ^ ^ '^'^^^p^^^p^p'^^^p 530 ^ ^ -^f^^-^pv-^vp-^XKFpp + Y2Q0 ^'^^'^^'^'^P^'^P^P^P 
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92 92 92 

315 '^'^^'^i^^'^'^t^'^'^'^f^^f ^ 315 ^ '^'^^t^'^'^t^-^^'^P'^p'^ 315 ^ ^ ^i^^'^P^'^vp'^piJ-'^^i^ 

106 107 107 

107 107 113 

"I" 1260 '^'^^'^P'^'^'^'^'^P^i^P 1260 '^'^^'^P'^^^'^P'^P^P' 630 ^ ^'^^P'^'^^P'^pp^^^ 

127 127 142 

"l~ 3Yg -^KX-Fixi/FxpFi/i^Vpij^ 630 ^ '^'^^p^'^^P'^^P'^p'^ 315 ^'^^'^^P'^^p'^^^p^p 

Y26O ^ ^'^^^P^P^P^'^^P^ ~ 315 ^ ^'^^P^^PP^^^^P'^ 630 ^ ^i^'^P^^^p^pi^p^ 
191 191 211 

+ 1260 ^ '^'^^P'^'^^P'^P^'^P^ ~^ 1260 ^ ^'^^'^P^'^P^P'^P^^ ~ 3Y5 ^ '^'^^P^P'^^p^^'^p'^ 

211 . 211 . 223 

630 ^ ^i^^^^P^^p^p^P'''- 630 ^ ^i^'^^P^P^p^i^p^ T26O ^'^^^P^^P^'^^^P^P 

223 1 1 

~l" Y26O '^'^^^P^^P^^'^^P^P ~^ 2Y '^'^^^^P^^P'^'^'^P^'^P 22 ^ ^i^^^^P^^P'^^i^'^P'^vp 

"I" ^ ■^KXiJ.-^Kp.i'FpXfjFpfji, — Fi^xF\p_Fi,pij^^Fpi,cri^ + — i F^\F\nFi,i^pFi,^F^p,,^ 

~ ^ i F^xni,F\pi^fjFpi^(jn + ^ F^xFi^i/pfjFxi^Fi/fj^p — i Fi^\F\i^Fi^i,p^F,jpFi,^ 

1 . 1 . 1 . 

Y54 ^ ^i^^^^p^^p'^-^i'ivixF^^p Y54 ^ -^KxFxixF^iipfjFiiij^Ffjp + Y98 ^ ^i^^^^p^^p^P'^^'^i^p^ 

"I" 23Y '^'^^'^^P'^^P'^P'^'^'^'^'^P^ 252 ^ ^'^^^^P^^'^P'^^'^P'^^P 315 ^ ^i^^^^p^i'^^p^pp'^^'^^ 

495 ^ ^i^^^^p-^vp-^pi^<^-^<^^P 924 '^'^^P'^p'^'^'^p^'^'^p ~^ 990 ^ '^'^^'^p'^'^^p'^'^i^^P'^'^p 

-I 3^ F \F\ F F — i F \F\ F F -\-— F\F\FFFF 

1386 Xnvpc^ ufj.K-'- ap 3465 A/ii^-' vpKC^ pap, ~ g2 -"^ kX^ Xp,^ kv^ pc^ cv^ pp, 

2 2 2 

~l~ ^ ^K,xF\pFyp(jFi^(jpFyp^ + i F^\F\p.Fyp(jFyf^Fp_„p + gg3 ^i^xF\pvpaFynFpf,p 

3 3 3 

^ i ^KX^Xp^KvpFpcF^up^ — — i Ff^\F\p^Fi,f^pFi,fyFp^p + — i F^xFxp_Fi,pFi^^pi,F^n 

3 3 3 

"I" i F^xFp^Xi, F^pfj Ffji^Fpi, — i Ff^xFpvFxpFavnFpap "I" Fi^xF^uXp-^KaFj^pap 

~^ ^KxFpvpaFaxFiippn 1^ i Ff^^xFpvFxKFvpcjFpcrp + i Fi,^xFxpi/Fi^pFpi,fjFfjp_ 

4 . 4 4 . 

+ ^ i F^X-^Xp-^p^F^paFvap gg Fi^xFxpvpFKcrpvFap 23T ^ '^i^^P'^^P'^'^'^'^P^P^ 

4 . 4 . 4 

23X ^ ^i<-^p-^vp<^p^-^<'P^i^ 23T ^ '^'^^'^^P'^'^^^P'^'^^P'^P 315 '^'^^'^^P'^'^^'^'^P'^P'^'^'^P 

4 4 5 

693 ^'^^^P^^'^'^P'^'^^P'^P 693 ^'^^^P^P'^^^'^P^^P'^ g3 ■^KxFxpvFpcrm.^F^pp^ 

5 5 5 

"I" i F^xFxpFf^iiFpp^Fpffi, + i F^xFxpFi/p^Fi/ff^Fpn Y54 '^'^^'^^p^p^p'^'^'^'^p^ 



5 



Tp Tp TP T^^ TP TP TP TP \ TP TP TP 

^ kX^ XpvpJ^ KaJ^ cppv kX-'^ pupaJ^vX^ pnap kX^ pvpXa^ pvpan 



-j^Qg ri//A /\p>L'p n,u — u jjbfju 198 "''^ jjjupu— fjht\tj fj 231 

5 6 7 

~l~ Fi^xFxpFnvpcrFiip(;p + i Ff^xFxpFpf^pFypfjF(jp + i Ff^xFxpyFf^pFyfjF^jpp 
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7 . 7 7 

8 8 8 

^ i -^KX-^Xfiu-^paFh/K-f^Hap Jg5 ^ -^KX-^Xixu-^vn-^pa-^Kcrp 23T ^'^^'^^l^'^'^^'^P'^'^'^i^'^P^ 

8 8 8 

9 . 10 . 10 . 

"I~ i F^KX-l^Xn-P^p.i'p-^apK-^ai' 23T ^ ^I'^^i^'^i^^PIJ-'^'^P^'^^ 23T ^ '^'^^IJ-^'^PIJ-'^'^P^i^'^^ 

~l" ^ ■^KX-^Xp^upFuK.a^crpi' 693 ^'^^P^'^P^^^P'^^^'^P ^ ^KX^Xp^vKp^vcr^app 

11 13 13 

3Y5 ^ ■^nX-^pvFxp-^avpFnap + ^65 ^ ^'^^^^P-'^^P'^'^^P'^'^'^P ~ ^20 ^ ^i^^^^P^-^'^P'^-^^P'^'^P 

13 13 13 

\ F \ F\ F — F \F\ F F — F \ F \ F F 

462 Xpvpa^ vpnap 693 Xpvp^ pa^ apuK 693 pi'Xp^ vc^ pnap 

13 13 16 

~l~ '^'^^P'^'^l^^'^i^P'^'^'^'^P T155 ^ ^i^^^pvPxpFvKaPapp PnxPpvpPpXu-l^pKav 

16 16 . 16 . 

"I" 23Y ^'^^P^^PP'^'^^'^^^'^P 315 ^ -^i^^-^^p-^i^'^-^p^'^-^P'^p- ~ 315 ^ ■^i^^-^^p^^i^p^^p'^^'^P' 

~ 495 ^ '^i^^'^^P'^^P'^'^^P'^'^'^p YT55 ^'^^P'^'^P^'^P^'^^P'^^ 693 ^'^^'^^P^P'^P'^^'^'^P^ 

17 17 18 

"I" Y386 '^'^^P^'^^ P^'^ P^'^'^ P^ 6930 '^'^^^P^P^P'^^'^'^P'^^ 385 ^ '^i^^'^^P'^^p'^P'^'^'^P'^^ 



19 . 19 . 19 

i ^KX-^Xpi-^vpFfrppPKav igg ^ -^KX-^pXK-^pv-^pirPviTp "I" ^^5 

19„„„„ 19.„„„„„ 19 



"I" ■^KX-^pi'p-^aXK-^crppi' + -^KX-^Xp-^KvFppa^vap gg^ i -^nX-^XpPi'p-^apKPcrpv 

19 19 19 

"I" ^i^^^^'^^p^P'^'^^P'^p Y155 ^ ^i^^^p-^^^p^^i^<^^P''^p 41580 ^'^^^^'^^P^^^P^P'^^'^P 

20 20 23 

~l~ i PnX^XpFvp^ppKcfFav ~ „„„ i ^nX^XpypPpaFuKFap TTTT ^KX^ppPxp-I^KaPppFap 

zoi uyo yy 

23 23 23 

Y26 ^ ^'^^^^P^^^'^^P'^^P'^P ~ 198 ^ ^nX^XK-^pvpFpcrF^fji, + -^KX^^Xv^pKC-^ppcrv 

23 23 23 

~l~ 23Y ^'^^^P^P'^'^^'^^^PP'^ ~ 252 '^'^^'^P^'^p^f^'^'^^p-'^'^p ~^ 315 ■^KX-FpXu-FppFvaFfKjp 

23 23 23 

"I" -^KX-Fxp-Fi/p-^Kcr-Fap-Fpu ~^ 693 '^'^^^^'^^P^^^P^P'^^'^P 693 '^'^^^P^P^P^'^'^'^P^'^ 

23„„„ „ 25.„„„„„ 25 



3465 ^'^■^'^^P'^P'^^P'^'^^'^P 154 ^ -^KX^Xp-FpvFpcrFiii^fjp + i Fi^\F\p^Fni,pFpi^fjFfji, 

25 . 25 . 25 

"I" 23X ^ ^i^'^^^p-^vi^p-^P'^-^^'^p 23T ^ ^'^^^^P'^^p'^'^'^'^'^^PP 693 '^'^^^^P^'^^'^P'^'^P'^P 

25 26 26 

1386 ^'^^^P^^^P^'^'^^^P^'^P 385 ^'^^^P^P^'^P^^'^'^P^ 495 ^ ^i^^^^p^ij-^'^vp^p'^'^'^^ 

26 . 26 26 

"I" ^gg i Ffi\F\p^Fyp(jF(jpFi^i,p^ + gg^ Fi^\Fp^p\i^Fp(yFyi^(yp + F i^\F p^ Ffj pFjj p^\i^ 

26 27 27 

+ 693 ^ ^'^^^^P'^P^'^P^^'^^'^P 154 ^ ^i^^^^P'^^pi^^P'^^^'^p 385 ^ ^i^^^^p-'^-^'^p^'^p'^^'^p 

27 27 29 

~ i FfiXp^Fp^i^ppfjFyXfjp i Fi^xpFp^ppfjFpXfifjp 4g^ F^xF^ypF^x^Fui^py 
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29 29 31 

693 '^'^^'^^t^'^P'^P'^'^'^i^'^'^ 693 ^ '^'^^'^^'^'^iJ-'^p^tJ-'^^'^P'^ 990 ^'^^'^^^^'''^^''P'^f'^'^'^P 

31 32 32 

990 ^'^^^i^^P^t^P'^^'^^^'^ 23T ^'^^'^^t^'^P^P'P'^^'^'^^ 23T ^'^■^^^i^'^'^P^'^'^P'^'^i^ 

32 . 32 32 . 

23X ^ '^i^^'^^IJ-^'^^P'^P''^'^'^'^P 315 "^'^-^"^M'^-^Pfi'A-^CTKp/i ~ 495 ^KX^Xix-^jxvFpucrPpcrv 

32 32 32 

1155 '^'^^'^P-^^'^P'P^'^^P'^'^ ~^ TT55 ^ ^'^^'^^i^^iJ'i^^'^^p'^^'^p Y155 ^ '^'^^'^^iJ'^^P'^'^pp-'^'^^i^ 
32 . 34 34 . 

Y155 ^ ^I'^^^P'V^pXcrFpvFKcriJ, gg3 ^'^^^^IJ'^P-^^P'^^^i^^'^P ^ YT55 ^ '^I'^^P-^'^^Pi^'^^'^pvp- 

37 37 37 

"I" PnxPxK^nvFpcrF'avFpix — ^ggg -^KX-^XnuFpnaFopvp, ~ ^335 ■^nX-^nvpaFunX^Kup 

37 . 37 . 38 

1386 ^ ^'^^^^p-^'^^P'^p-'^^'^p^ 6930 ^ ^'^^^^P'^^^P'^^P'^^'^p 495 ^'^^^^P^P^P'^^^'^'^p 

1485 ^'^^^^P^P^^^P'^P'^^'^'^ 693 ^^^^P^^^P'^'^^P'^'^P ~^ 385 ^ ^i^^^p^^^pp^'^^i^^'^p 
41 41 . 43 

^KX^Xavoa^ao^vuK "l~ TTTTTTT i ^KX^Xu-^UKU-^ocr-^uao T^TTT ^kX-^Xuuo^oct-^l 



1386 ' f^^^P'^P'^ '^P^pi^ 1385 KX^Xp,^iXKvJ^pcrJ^vap 221 kX-'^ Xnup-'^ pa-'^ iXKcru 

43 43 . 43 . 

~ 495 ^'^^'^P^P'^P'^P^'^'^'^^ 693 '^'^^^^P^^P'^'^'^P^^'^P ~ 693 ^ ^'^^^p^^-^'^P'^-^'^p-^p'^ 

43 43 46 

"I" 2465 '^'^^p^'^^ p^'^ pp^'^^^ 6930 '^'^^^P^^P^'^^'^P'^^P 693 ^'^^^p^^'^^p^'^'^p'^p 



46 46 46 

-^KX-^lxf-^Xpauix-^apK + 593 ^'^^^P^^P'^^^^'^PP'^ 693 ^ '^'^^^^P^'^'^P'^'^'^^^PP 

47.„„„„ „ 48.„„„„„ 52 



"I" 990 ^ ^i^x^XiJi-^KvFvp,paF(Tp 2>Sf) ^ ^'^^'^^P'^^'^P'^'^^P'^'^P 693 '^'^^^^P'^^P'^'^'^'^p^^'^p 

52 . 53 53 . 

3465 ^ ^I'^^Fp^^Fpp-'^Fpi^F'^^ 693 ^'^^^p^^p^'^^'^^p'^p 693 ^ ^i^^^p^^^p'^'^^P'^i'^'^p 

53 58 58 

3465 ^'^■^^'^P^P^^'^P'^P'^^'^^ 495 '^'^■'^'^^P'^p'^'^^p^P'^^'^^ ^ 3465 ^ ^i^-^^^p^^P'^^'^^p^'^p 

1155 ^ ^KX^Xji^tJivpFpiTFcrvK Yl55 ^ '^'^^'^^P'^'^PP^'^'^^'^'^p 1386 ^ ^'^^^^p^p^p^'^'^'^'^p^ 

385 ^ '^i^^'^^P'^i^^P'^'^pp'^'^^ ~^ 495 ^ ^i^^^^P^'^p^'^pi^^P'^'^ ^~ 693 '^'^•'^^^p^'^^^p'-'^^^p^'^p 
64 . 65 . 67 . 

67 71 71 

~ 693 ^ -Fi^x-Fxix-FvpaPaixPvpK 630 ^ ^'^^■^p^'^-^P'i^^^P'^-^'^p 1386 ^ '^'^^^^P'^'^P'^'^'^'^'^pp'^ 

73 79 . 82 

990 ^'^^^P^P^^'^P^^'^P'^ 630 ^ '^i^^'^p^'^p^'^^pi'^'^'^^P 693 ^'^^^^p'^p^'^p'^^p'^^ 
82 83 83 

~l~ i -^KX-^XnuFifpFcrpiiFcrfx 3455 ^ ^KxFxiJ,FKvpFcpvFcrp, ~^ 3455 ^ -^KA-^A/ii-^Ki^-^i^/Cicr-^/iCTp 

85 85 85 

"I" ^KxPiivXpFynuPtiap 693 ^'^^'^P^P'^PP^'^'^'^'^^ 693 '^'^^'^P^P'^'^P^'^'^P^'^ 

1386 ^ -^i^^-^^K'-^p.i'p-^crpi'F'crp, Y386 ^ ^I'^-^^P^'^^^P'^'^^P^'^P 385 ^ ^i^^^^P'>^P^P''^^Pi^^<^v 

86 89 89 

~l~ ggg -Fi^\Fp_iyF\pFi^(^Fpi^F(jij^ 693 '^'^^^^p^P'^'^p^'^'^'^p 693 ^'^^'^^p^^^P'^^p'^'^p 
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89 89 . 89 . 

^ 693 ^'^^^^^^t'^'^P^'^f'''^'^^ T386 ^ ^'^^'^^i^'^t^'^p'^p-P'^'^'^'^ 1386 ^ ^'^^'^^f'^f^'^^p'^'^'^p'^t^ 
94 97 100 

1155 ^ ^KX^Xjivp-^KaPpvFaix + 3080 '^'^^'^^^'^^'^'^P'^'^^P^'^f ^ 693 ^ ^i^^^P'^'^p^'^^p^^'^p^'^ 

I "^^"^ TP Tp p 'P "^^"^ Tp Jp Tp Tp "^^"^ Ip Tp Tp Tp 

1386 ^^1^ '^1^^ '^P'^ '^P 6930 '^^1^ P''^P P^'^ '^'^'^ 6930 '^^1^ '^p '^'^P'^'^p 

^l^F F F F - F F F F - F F F 

9240 1^ P'^ P' P 630 i^^^p^ '^1'^ i^p<^ <^p 693 P'^p p'^p'^ 

103 103 103 

~l" i ■^kX-^Xh-^ij.i' p-^pcr ■^Kcru Y386 ^'^^^^'^'^P^'^^P'^P'^^'^P' ~ T386 ^ ^I'^^^P-^^^P'^^P^i'^^'^P 

103 109 109 

1386 ^ -^>^^-^P''^-^p^'^-^vij,FpaK ~ Y26O ^ '^'^^'^p^'^^P'^^'^p'^'^'^p 3465 ^ ^'^^^^p^^p^'^p^'^'^p'^ 
115 . 122 . 122 

693 ^ ^i^^^p^^^pi^'^^pp'^'^^ 3465 ^ ^'^^^^p^^p^'^^p'^^'^p 3465 ^ ^'^^^^p^p-^^p^'^^p'^'^ 
124 128 128 

3465 ^'^^^P^P^PP^'^^'^^'^ 693 ^'^'^^^p^^p^p'^^P'^^'-'^^ ~^ lT55 ^ ^i^^^p^^^i^p^p^aF^ap 

128 . 130 . 134 

i ^KX^Xjjiv^pcr^KcvFp^i + i Fi^\F\ni,Fi^pFi;^Fi^^p — Fi^\Fp^\i,F^i^p^Fi,^p 



3465 '^'^ Ajut/^ ^ ri-ci/^ /y^L* ' gQ3 /VA^ A^t/^ /v/y^ i^c ^ pt^p 3465 

151 152 157 

"I" Y386O ^'^^'^^'^'^P^^P'^'^^P'^'^P 3405 ^'^^^P^^P'^^P'^'^p^i^ ^~ 34g5 ^ ^KX^xixiiFi/pFfj^Fcrpii 

163 163 163 

T155 '^'^^'^^^^'^P^^'^^P^'^ T155 ^^^'^P'^^P'^^P'^'^^P'^ 3465 ^^^'^^P^P^PP''^^'^^^ 

1^-10 

_l F \F\ F F F F A- F \F\ F F F F — F \F\ F F 

5544 '^^^'^ P'^ P'^ '^P P 3465 '^^^p p '^'^ pp '^^ 3465 I'^x^ X/xvp^ ixpa-i^ auK 

p p p p _ _ 

^ kX^ X^iu-'^ pva-'^ apiJtK r>Ap,^ -i^ kX^ p.Xv-'^ pp.a-'^ pKGv q/|«c -"^ k.X^ fiuXp-'^ i/imt-'^ Kap 



3465 A^ti^- f^i'i^- ufyftfv 3465 ^ia^- f/r>.i^i^ 3465 

169 . 178 . 179 

"I" gg^Q ^ Fi^xFp^iiFxpfjFjji^Fp^fjp 34g5 ^ FnxFxuFi/p^-Fp^/^Fii^p + Y3gg Fi^xFp,vXKFiipcrFp^up 

181 181 212 

~l~ ^'^'^^P^'^'^^P'^^^P'^P ~^ '2111 ^'^^^P^P'^^'^'^P^P^'^ ~^ 3465 ^ ^i^^^^P'^^i^p^'^^p^'^p 

218 218 218 

"I" 2465 ^i^^^^p^'^^^PP^P'^^'^^ 3465 ^'^^^^p^p^^'^p^^'^^'^p 3465 ^'^^^^p^^p'^'^^p'^'^p 

218 . „ „ „ „ „ 221 „ „ „ „ 227 



^ Ff^xFx^i^Fi^pijF^f^Fpij^ ^„g^ Ff^xFp,vpFfjpvFfjp^xK ~^ RnQn ■^'^^■^^p^p^P'^-^vi^^'^p 



3465 — A^i^- <^,/i7 - lyn, . 1980 f^"/^ u^i^- u^AA, ■ 6930 
233 „ „ „ „ „ „ 235 . „ „ „ „ „ 236 



83160 '^'^^'^P^'^P'^'^^'^'^^P'^'^P 2772 ^ ^i^^'^p^>^^^p<^^<^p^^p 3465 ^ ^'^^'^p^'^p^'^'^^i^'^p'^p 

256 262 . 263 

"I" 3465 ^'^^'^^P'^'^^'^^P'^P'^'^'^P ~ 3465 ^ FKxFxixFi/fxpFi/ncrFcrp + ^^g^ ^ Fi^xFxuFupFf^pi^Ff^np^ 

269 269 274 

"I" 3465 '^'^^'^P^'^'^PP'^'^'^P'^^ 3465 '^'^•^^p'^p^p'^p^'^'^^'^ 3465 '^'^^^p^^'^p'^p'^^'^p^ 

284 . 284 . 289 

i ^KX-^Xfi-^lxK-^vpa-^vap TJ^^ ^ ^KX^ixXvFpcr-^ixK-^vap ooTn ^ ■^f^Xp'fj.XuF'fxpaP'i/K-^ap 



3465 ru/\^ /\ju.^ fj,r\,^ ufju^ i/u fj 3465 fj./\i^^ pu^ fj,r\,^ uu fj 2310 

2^gg i F^KX^fiXuFupFi/t^o-Ffxp + 5930 ^'^^'^p^'^p^^'^^^p^p ~^ Tl55 ^ '^^'^'^•^M'^^P'^pm'^'^^*^^ 
349 356 358 

2^gg i Fi^xFxjjiFiip^i^Fjjp^F^p 3465 ^ FnxFij,vFxpFcn,i,iFup^ + ^^g^ i Fi^xFxiji,FvpFpp,aF^ 
2^gg Fi^xFpvpFxapvFucrp, 3465 ^ FnxFxpFf^ypFpfjFp^^p 3465 ^ -^'^^-^p^'^^P'^'^ct'^'^i^pp 
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398 404 404 

421 . 428 452 

3465 ^ "^'^^"^M'^-^ApfT-^iTK-^pi/// Tl55 '^'^^P-'^'^^P'^PP''^'^^'^^ ~ 3465 ^ -^i^^-^p'^-^^p-^i^'^p^-^'^p 

3465 '^^^P'^P '^P^ '^P''^ 3465 '^^ p^^ P'P'^ '^'^p 6930 p^^p '^'^^p '^p 

499 512 541 

6930 ^ ^I'^^^^p^'^P'^'^^P'^i^'^p 3465 ^ -^i^'^-^^p^-^i^p-^'^p^-^'^p ~^ 3465 ^ ^i^^-^^p-^vpFc^pvFi^u^ 

541 . 541 541 

^ 3465 ^ ■^i^^-^p^i^-^'^p-^'^pp-^'^'^ 6930 ^'^^p^'^p^^^P'^^^'^p 6930 ^'^^'^^p^^p'^^p^'^p'^ 

- ^ F F F F 4- ^ \F F F F F - ^ \F F F F F 

6930 '^^ P^'^ i^f"^ 3465 i^-^^p p'^ '^p'^ '^'^p 3465 -^m*^ M'^f crp 

569 569 593 

"I" Y386O ^'^^'^P^'^^P^P'^'^^'^P 13860 ^'^^^P^P'^P'^P^^'^^'^ 6930 ^ ^'^^^^p^p^^^'^p'^'^'^p 

^ ^ \F F F F F ^ \F F F F F - HI F F F F 

' 2^gg ^ kX^ Afi^ up^ nap^^ av T ^465 ^ i^X^ Xp.^ vp^ pcr^ pnau 3465 *^^P '^^P PP'^ '^^^ 

743 761 . 793 

-^KXtM-^Ki/p-Fapp-Fxau 1 QQ«n ^ ^KX-^Xp.v-^i'p-FKpa-Fcrp ^nQTl ^ ■^KX-^p.i'-Fxp-Fcn'p-FapK 



3465 "'^p i\i^p^ u pp^ /wL' 13860 a^u^^ i^^l*^ t\pu^ up 6930 

794 838 851 

-f KX-f Xp-t^ i^p-f pcr-f pK-f<7iy — „ 1 ^ KX-f pXu-f Kp-fapp-f au — „„„„ 1 J^nX-fXp-fupa-frrp-fupK 



3465 i^p^ fjhu ^ fjix^ uu 3465 a /\ ^ rvfj^ ufj/u,^ 6930 

877 949 . 953 

"I" Y386O ^'^^P'^'^^P^'^P^^'^P^ 3465 ^ '^''^^^^P^^ p^ p<^ pi^^'^^ 13860 '^'^^^p^p^p'^^'^^'^p^ 
1718 

"I" Y0395 ^'^^'^^P'^^P'^P'^^P'^^'^^ 
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